Accelerating Universe in Hybrid and Logarithmic Teleparallel Gravity by Mandal, Sanjay et al.
Accelerating Universe in Hybrid and Logarithmic Teleparallel Gravity
Sanjay Mandal1, Snehasish Bhattacharjee2, S. K. J. Pacif3, P.K. Sahoo1
1 Department of Mathematics, Birla Institute of Technology and Science-Pilani, Hyderabad Campus, Hyderabad-500078, India
2Department of Astronomy, Osmania University, Hyderabad-500007, India and
3Department of Mathematics, School of Advanced Sciences,
Vellore Institute of Technology, Vellore 632014, Tamil Nadu, India.
Teleparallel gravity is a modified theory of gravity for which the Ricci scalar R of the underlying
geometry in the action is replaced by an arbitrary functional form of torsion scalar T . In doing
so, cosmology in f(T ) gravity becomes greatly simplified owing to the fact that T contains only
the first derivatives of the vierbeins. The article exploits this appealing nature of f(T ) gravity and
present cosmological scenarios from hybrid and logarithmic teleparallel gravity models of the form
f = emTTn and f = D log(bT ) respectively, where m, n, D and b are free parameters constrained to
suffice the late time acceleration. We employ a well motivated parametrization of the deceleration
parameter having just one degree of freedom constrained with a χ2 test from 57 data points of Hubble
data set in the redshift range 0.07 < z < 2.36, to obtain the expressions of pressure, density and
EoS parameter for both the teleparallel gravity models and study their temporal evolution. We find
the deceleration parameter to experience a signature flipping for the χ2 value of the free parameter
at ztr ' 0.6 which is consistent with latest Planck measurements. Next, we present few geometric
diagnostics of this parametrization to understand the nature of dark energy and its deviation from
the ΛCDM cosmology. Finally, we study the energy conditions to check the consistency of the
parameter spaces for both the teleparallel gravity models. We find the SEC to violate for both the
models which is an essential recipe to obtain an accelerating universe.
PACS numbers: 04.50.Kd
I. INTRODUCTION
Several Observations reveal that the universe is accelerating for the very second time in its 13.7 billion year long
lifetime [1]. It has now been agreed that a cosmological entity with almost three-quarters of the energy budget of
the universe coupled with a EoS parameter ω ' −1 is required to suffice the observations. In this spirit, several
interesting proposals have been reported to expound this conundrum [2].
One of the most interesting proposal refuting the existence of dark energy are the ‘modified theories of gravity’.
In modified gravity theories, dark energy is purely geometric in nature and is connected to novel dynamical terms
following modification of the Einstein-Hilbert action [3]. Many such theories such as f(R) gravity, f(G) gravity,
f(R, T ) gravity, etc have widespread use in modern cosmology (For a recent review on modified gravity see [4]. Also
see [5] for some interesting cosmological applications of modified gravity).
Teleparallel gravity is a well established and well motivated modified theory of gravity inspired from f(R) gravity [6]
(See [7] for a review on teleparallel gravity). In teleparallel gravity, the Ricci scalar R of the underlying geometry in
the action is replaced by an arbitrary functional form of torsion scalar T . Thus, in teleparallel gravity, instead of using
the torsionless Levi-Civita connection (which is usually assumed in GR), the curvatureless Weitzenbo¨ck connection is
employed in which the corresponding dynamical fields are the four linearly independent verbeins, and T is related to
the antisymmetric connection following from the non-holonomic basis [3, 8].
Linear f(T ) gravity models are the teleparallel equivalent of GR (TEGR) [9]. Nonetheless, f(T ) gravity differ
significantly from f(R) gravity in the fact that the field equations in f(T ) gravity are always at second-order compared
to the usual fourth-order in f(R) gravity. This owes to the fact that the torsion scalar contains only the first derivatives
of the vierbeins and thus makes cosmology in f(T ) gravity much simpler. However, Despite being a second-order
theory, very few exact solutions of the field equations have been reported in literature. Power law solutions in FLRW
spacetime have been reported in [12], while for anisotropic spacetimes in [10]. Solutions for Bianchi I spacetime and
static spherically spacetimes can be found in [3] and [11] respectively.
Since cosmology in f(T ) gravity is much simpler compared to other modified gravity theories, it has been employed to
model inflation [13], late time acceleration [14] and big bounce [15]. The instability epochs of self-gravitating objects
coupled with anisotropic radiative matter content and the instability of cylindrical compact object in f(T ) gravity
have been discussed in Ref. [16, 17].
The manuscript is organized as follows: In Section II we present an overview of f(T ) gravity. In Section III we
describe the kinematic variables obtained from a parametrization of deceleration parameter used to obtain the exact
solutions of the field equations. In Section IV we present the hybrid and logarithmic teleparallel gravity models and
obtain the expressions of pressure, density and EoS parameter. In Section V we present some geometric diagnostics of
the parametrization of deceleration parameter. In Section VI we study the energy conditions for both the teleparallel
gravity models. In Section VII we obtain some observational bounds on the free parameters of the parametrization
by performing a chi-square test using Hubble datasets with 57 datapoints, Supernovae datasets consisting of 580 data
points from Union2.1 compilation datasets and Baryonic Aucostic Oscillation (BAO) datasets. Finally, in Section
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2VIII we present our results and conclusions.
II. OVERVIEW OF f(T ) GRAVITY
The action in teleparallel gravity is represented as
S =
1
16piG
∫
[T + f(T )]ed4x, (1)
where e = det(eiµ) =
√−g and G is Newtonian gravitational constant. The gravitational field in this framework arises
due to torsion defined as
T γµν ≡ eγi (∂µeiν − ∂νeiµ). (2)
The contracted form of torsion tensor reads
T ≡ 1
4
T γµνTγµν +
1
2
T γµνTνµγ − T γγµT νµν . (3)
varying the action S + Lm, where Lm represent the matter Lagrangian yields the field equations as
e−1∂µ(ee
γ
i S
µν
γ )(1 + fT ) − (1 + fT )eλi T γµλSνµγ + eγi Sµνγ ∂µ(T )fTT +
1
4
eνi [T + f(T )] =
k2
2
eγi T
(M)ν
γ , (4)
where fT = df(T )/dT , fTT = d
2f(T )/dT 2, the “superpotential” tensor Sµνγ written in terms of cotorsion K
µν
γ =
− 12 (Tµνγ − T νµα − Tµνα ) as Sµνγ = 12 (Kµνγ + δµγTανα − δνγTαµα ) and T (M)νγ represents the energy-momentum tensor to the
matter Lagrangian Lm. For a flat FLRW universe with the metric denoted as
ds2 = dt2 − a2(t)dxµdxν , (5)
where a(t) the scale factor, gives
eiµ = diag(1, a, a, a). (6)
Employing (5) into the field equation (4), the modified Friedman equations reads
H2 =
8piG
3
ρ− f
6
+
TfT
3
, (7)
H˙ = −
[
4piG(ρ+ p)
1 + fT + 2TfTT
]
, (8)
where H ≡ a˙/a denote the Hubble parameter and dots represent the derivative with respect to time and ρ and p be
the energy density and pressure of the matter content and T = −6H2. From equations (7) and (8), we obtain the
expressions of density ρ, pressure p and EoS parameter ω respectively as
ρ = 3H2 +
f
2
+ 6H2fT (9)
p = −2H˙(1 + fT − 12H2fTT )− (3H2 + f
2
+ 6H2fT ) (10)
ω =
p
ρ
= −1− 2H˙(1 + fT − 12H
2fTT )
(3H2 + f2 + 6H
2fT )
(11)
where we set 8piG = 1. Furthermore, the continuity equation reads
ρ˙+ 3H(1 + ω)ρ = 0, (12)
3III. KINEMATIC VARIABLES
The system of field equations described above has only two independent equations with four unknowns. To solve
the system completely and in order to study the temporal evolution of energy density, pressure and EoS parameter,
we need two more constraint equations (extra conditions). In literature, there are several arguments to choose
these equations (see [18] for details). The method is well known as the model independent way approach to study
cosmological models that generally considers a parametrizations of any kinematic variables such as Hubble parameter,
deceleration parameter, jerk parameter and EoS parameter and provide the necessary supplementary equation [19].
Bearing that in mind, we shall work with a parametrization of deceleration parameter proposed in [20] as
q = −1 + α
−1 + 1
1 +
(
1
1+z
)α
 (13)
where α shall be constrained from a chi-square test using any observational datasets (ref. section VII). The motivation
use this parametrization is driven by the fact that equation (13) allows a signature flipping for −1 > α > −2.
Additionally note that
• α = −2 corresponds to a decelerated universe at z = 0.
• α < −2 corresponds to an accelerated universe in the future (i.e., z < 0).
• α ≥ −1 corresponds to an externally accelerating universe.
The expression of Hubble parameter for the parametrization (13) reads
H = β
[
1 +
(
1
1 + z
)α]
(14)
where β is the integration constant. To obtain (14), we used the relation
H(z)
H0
= exp
[∫ z
0
1 + q(z′)
1 + z′
dz′
]
(15)
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FIG. 1: Plot of deceleration parameter (q) as a function of redshift (z) for different values of model parameter α showing
diverge evolutionary dynamics.
Higher order derivatives of deceleration parameter such as jerk (j), snap (s) and lerk (l) parameters provide
important information about the evolution of the universe. They are represented as [21]
j(z) = (1 + z)
dq
dz
+ q(1 + 2q),
s(z) = −(1 + z) dj
dz
− j(2 + 3q),
l(z) = −(1 + z)ds
dz
− s(3 + 4q)
4The jerk parameter represents the evolution of deceleration parameter. Since q can be constrained from observations,
jerk parameter is used to predict the future. Additionally, the jerk parameter along with higher derivatives such as
snap and lerk parameters provide useful insights into the emergence of sudden future singularities [21].
From Fig. 2 and Fig. 4, the jerk and lerk parameters are observed to have decreasing behaviors. Also, as the
value of α decreases, the parameters assumes higher values at redshift z = 0. Both of these parameters are positive
which represents an accelerated expansion. The snap parameter is negative for all α which also denote an accelerated
expansion. Interestingly, the jerk parameter does not attain unity at z = 0 which clearly does not coincide with
ΛCDM model. Interestingly, this implies that the late time acceleration can be caused due to modifications of gravity.
It is therefore encouraging to study the dynamics of EoS parameter which may arise purely due to geometric effects
in the framework of modified gravity theories such as teleparallel gravity.
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FIG. 2: Jerk parameter as a function of redshift.
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FIG. 3: Snap parameter as a function of redshift.
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FIG. 4: Lerk parameter as a function of redshift.
5IV. COSMOLOGY WITH TELEPARALLEL GRAVITY
A. Hybrid Teleparallel Gravity
For the first case, we presume the functional form of teleparallel gravity to be
f(T ) = emTTn, (16)
where m ≥ 0 and n constants. Interestingly, this model takes power-law and exponential forms depending on the
values of n and m. Particularly:
• For m = 0 Eq. (16) reduces to f(T ) = Tn (power law).
• For and n = 0, Eq. (16) reduces to f(T ) = emT (exponential).
Using Eq. (16) in Eq. (7) and Eq. (8), the expressions of energy density ρ, pressure p and EoS parameter ω reads
respectively as
ρ = 3K + 6n(−K)ne−6mK
(
1
2
− n+ 6nK
)
, (17)
p = −2
(
αK − e
−tαβαβ2
−1 + e−tαβ
)
×
{
−1 + (−6K)ne−6mK
[
m+ 4mn− 12Km2 − n
6K
− n(n− 1)
3K
]}
− 3K − 6n(−K)ne−6mK
(
1
2
− n+ 6nK
)
(18)
ω = −1− 2
(
αK − e
−tαβαβ2
−1 + e−tαβ
)
×
{
−1 + (−6K)ne−6mK
[
m+ 4mn− 12Km2 − n
6K
− n(n− 1)
3K
]}
×
{
3K + 6n(−K)ne−6mK
(
1
2
− n+ 6nK
)}−1
(19)
where K = e
−2tαββ2
(−1+e−tαβ)2 .
FIG. 5: Energy density as a function of redshift for α = −1.5, β = 31.7455 & m = 0.00155.
6FIG. 6: Energy density as a function of redshift for α = −1.5, β = 31.7455 & n = 5.
FIG. 7: EoS parameter as a function of redshift for α = −1.5, β = 31.7455 & m = 0.00155.
FIG. 8: EoS parameter as a function of redshift for α = −1.5, β = 31.7455 & n = 5.
7B. Logarithmic Teleparallel Gravity
For the second case, we presume the functional form of teleparallel gravity to be
f(T ) = D log(bT ), (20)
where D and b < 0 are constants.
Using Eq. (20) in Eq. (7) and Eq. (8), the expressions of energy density ρ, pressure p and EoS parameter ω reads
respectively as
ρ = −D + 3K + D
2
log(6bK), (21)
p = D − 3K − 2
(
1 +
D
6K
)(
αK − e
−tαβαβ2
−1 + e−tαβ
)
− D
2
log(6bK), (22)
ω = −1− 2
(
1 +
D
6K
)(
αK − e
−tαβαβ2
−1 + e−tαβ
)
×
{
−D + 3K + D
2
log(6bK)
}−1
(23)
FIG. 9: Energy density as a function of redshift for α = −1.5, β = 31.7455 & b = −2.
FIG. 10: Energy density as a function of redshift for α = −1.5, β = 31.7455 & D = 0.2.
8FIG. 11: EoS parameter as a function of redshift for α = −1.5, β = 31.7455 & b = −2.
FIG. 12: EoS parameter as a function of redshift for α = −1.5, β = 31.7455 & D = 0.2.
V. GEOMETRICAL DIAGNOSTICS
A. Statefinder Diagnostics
Due to the fact that the number of dark energy models are quite large and increasing on a daily basis, it becomes
absolutely necessary to find a method to distinguish a particular model from the well established DE models like the
ΛCDM, SCDM, HDE, CG and Quintessence. With that reasoning, [22] proposed the {r, s} diagnostics where r and
s are defined as
r =
˙¨a
aH3
,
s =
r − 1
3
(
q − 12
) ,(q 6= 1
2
)
.
Different combinations of r and s represent different dark energy models. Particularly:
• For ΛCDM→ (r = 1, s = 0).
• For SCDM→ (r = 1, s = 1).
9• For HDE→ (r = 1, s = 23 ).
• For CG→ (r > 1, s < 0).
• For Quintessence → (r < 1, s > 0).
The idea behind {r, s} diagnostics tool is that different dark energy models exhibit different trajectories in the
{r, s} plane. The deviation from the point {r, s} = {0, 1} represent deviation from the well agreed ΛCDM model.
Furthermore, the values of r and s could in principle be inferred from observations [23] and therefore could be very
useful in discriminating dark energy models in the near future.
The expression of r and s parameters for our model reads
r = 1 +
α
(
1
1+z
)α {
3 + α+
(
1
1+z
)α
(3 + 2α)
}
{
1 +
(
1
1+z
)α}2 (24)
s =
α
3
−2 + 11 + ( 11+z)α +
3
3 +
(
1
1+z
)α
(3 + 2α)
 (25)
In Fig. 13, the {r, s} plane is shown for the parametrization (13) where the arrows indicate the direction of temporal
evolution. The model is observed to deviate significantly from the point (0, 1) initially and is extremely sensitive to
the value of α. For α ≤ −2, the model initially starts its journey from the territory of Chaplygin gas (r > 1, s < 0)
and approaches towards ΛCDM at late times. For α > −1, the model at high redshifts stays in the Quintessence
region but again approaches towards ΛCDM. Interestingly, for α = −1.5 ∼ −1.5 which is the chi-square value, we
observed at high redshifts, the model to be very close to the point (r = 1, s = 23 ) which is the region of HDE. However,
at late times the model is observed to coincide with (r = 1, s = 0). Therefore, the parametrization used in this work
is interesting and warrants further attention.
ΛCDM SCDM
α=-2.1α=-2.0α=-1.5α=-0.5
CG
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FIG. 13: {r, s} plane for the redshift range z[−1, 5] for different values of α.
In addition to the {r, s} plane, we construct the {r, q} plane to get additional understanding of the parametrization
(13). In {r, q} plane, the solid line in the middle represents the evolution of the ΛCDM universe and also divide the
plane into two sections. The upper section belong to Chaplygin gas models and the lower section to Quintessence
models.
10
SCDM
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FIG. 14: {r, q} plane for the redshift range z[−1, 5] for different values of α.
We observe from Fig. 14, that except for α = −0.5, all the profiles starts from r > 1, q > 0 which is very close
to SCDM universe, followed by the region r < 1,−1 < q < 0 and finally approaches the de-Sitter expansion with
r = 1, q = −1. However, for α < −1, q is always negative and therefore the profile does not start from the SCDM
universe.
B. Om Diagnostic
Another very useful diagnostic tool constructed from the Hubble parameter is the Om diagnostic which essentially
provide a null test of the ΛCDM model [24]. This tool easily captures the dynamical nature of dark energy models
from the slope of Om(z). If the slope of this diagnostic tool were to be positive, it would imply a Quintessence nature
(ω > −1) whereas the opposite would prefer a Phantom nature (ω < −1). Interestingly, only when the nature of the
dark energy model coincide with that of the cosmological constant (ω = −1), the slope is constant with respect to
redshift. It is defined as
Om(z) =
(
H(z)
H0
)2
− 1
z3 + 3z2 + 3z
(26)
From Fig. 15, we observe a negative slope for α > −2 and therefore represents a dark energy model which is Phantom
in nature. Nonetheless, for α ≤ −2, Om(z) increases with redshift and therefore represents an Quintessence dark
energy model. Hence, the value of α dictates the nature of the underlying dark energy model represented by the
parametrization (13).
α=-2.1α=-2.0α=-1.5α=-0.5
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FIG. 15: Om(z) for different values of α.
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VI. ENERGY CONDITIONS
Based upon the Raychaudhuri equation, the energy conditions are essential to describe the behavior of the compati-
bility of timelike, lightlike or spacelike curves [25] and often used to understand the dreadful singularities [26]. Energy
conditions in teleparallel gravity have been studied in [27]. Energy conditions also provide the corners in parameter
spaces since they violate, for instance, in presence of singularities. They are defined as:
• Strong energy conditions (SEC): Gravity is always attractive and therefore ρ+ 3p ≥ 0;
• Weak energy conditions (WEC): Energy density should always be positive, i.e., ρ ≥ 0, ρ+ p ≥ 0;
• Null energy condition (NEC): Minimum requirement for the fulfilment of SEC and WEC, i.e., ρ+ p ≥ 0;
• Dominant energy conditions (DCE): Energy density is always positive and independent of the observer’s reference
frame, i.e., ρ ≥ 0, |p| ≤ ρ.
Energy conditions for both the teleparallel gravity models are presented in Fig. 16-17.
SEC
NEC
DEC
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10000
20000
30000
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z
FIG. 16: ECs as a function redshift z for β = 31.7455, α = −1.5, m = 0.00155 & n = −5 for hybrid teleparallel gravity.
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FIG. 17: ECs as a function redshift z for β = 31.7455, α = −1.5, b = −2 & d = 0.2 for logarithmic teleparallel gravity.
VII. OBSERVATIONAL CONSTRAINTS
In order to find the best fit value of the model parameters of our obtained models, we need to constrain the pa-
rameters with some available datasets. Here, we use three datasets, namely, Hubble datasets with 57 datapoints,
Supernovae datasets consisting of 580 data points from Union2.1 compilation datasets and Baryonic Aucostic Oscil-
lation (BAO) datasets. We use the Bayesian statistics for our analysis.
A. Hubble parameter H(z)
Recently, Sharov and Vasiliev [28] compiled a list of 57 points of measurements of the Hubble parameter at in the
redshift range 0.07 6 z 6 2.42, measured by extraction of H(z) from line-of-sight BAO data including the analysis
12
of correlation functions of luminous red galaxies [29] and H(z) estimations from differential ages M t of galaxies (DA
method) [30]. (See the Appendix in [28] for full list of tabulated datasets). Chi square test is used to constrain the
model parameters parameters given by
χ2OHD(ps) =
57∑
i=1
[Hth(ps, zi)−Hobs(zi)]2
σ2H(zi)
(27)
where Hth(ps, zi) denotes the Hubble parameter at redshift zi predicted by the models with ps denoting the parameter
space (α here in our model), Hobs(zi) is the i-th measured one and σH(zi) is its uncertainty. We also take a prior as
H0 = 67.8 (Plank result predicted value) for our analysis.
B. Type Ia Supernova
Further we consider, the 580 points of Union2.1 compilation supernovae datasets [31] for our analysis for which the
chi square formula is given as,
χ2SN (µ0, ps) =
580∑
i=1
[µth(µ0, ps, zi)− µobs(zi)]2
σ2µ(zi)
, (28)
where µth and µobs are correspondingly the theoretical and observed distance modulus for the model and the standard
error is σµ(zi). The distance modulus µ(z) is defined to be µ(z) = m −M = 5LogDl(z) + µ0,where m and M are
the apparent and absolute magnitudes of any standard candel (supernovae of type Ia here) respectively. Luminosity
distance Dl(z) and the nuisance parameter µ0 are given by Dl(z) = (1 + z)H0
∫ z
0
1
H(z∗)dz
∗ and µ0 = 5Log
(
H−10
Mpc
)
+ 25
respectively. In order to calculate luminosity distance, we have restricted the series of H(z) up to tenth term only
and then integrated the approximate series to obtain the luminosity distance.
C. Baryon Acoustic Oscillations
Finally, we consider a sample of BAO distances measurements from surveys of SDSS(R) [32], 6dF Galaxy survey
[33], BOSS CMASS [34] and three parallel measurements from WiggleZ [35]. In the context of BAO measurements,
the distance redshift ratio dz is given as,
dz =
rs(z∗)
Dv(z)
, (29)
where rs(z∗) is the co-moving sound horizon at the time photons decouple and z∗ indicates the photons decoupling
redshift i.e. z∗ = 1090 [36]. Moreover, rs(z∗) is assumed same as considered in the reference [37] together with
the dilation scale is given by Dv(z) =
(d2A(z)z
H(z)
) 1
3 , where dA(z) is the angular diameter distance. The χ
2
BAO values
corresponding to BAO measurements are discussed in details in [38] and the chi square formula is given by,
χ2BAO = A
TC−1A, (30)
where the matrix A is given by
A =

dA(z∗)
Dv(0.106)
− 30.84
dA(z∗)
Dv(0.35)
− 10.33
dA(z∗)
Dv(0.57)
− 6.72
dA(z∗)
Dv(0.44)
− 8.41
dA(z∗)
Dv(0.6)
− 6.66
dA(z∗)
Dv(0.73)
− 5.43

,
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and C−1 representing the inverse of covariance matrix C given as in the reference [38] adopting the correlation
coefficients presented in [39] as
C−1 =

0.52552 −0.03548 −0.07733 −0.00167 −0.00532 −0.00590
−0.03548 24.97066 −1.25461 −0.02704 −0.08633 −0.09579
−0.07733 −1.25461 82.92948 −0.05895 −0.18819 −0.20881
−0.00167 −0.02704 −0.05895 2.91150 −2.98873 1.43206
−0.00532 −0.08633 −0.18819 −2.98873 15.96834 −7.70636
−0.00590 −0.09579 −0.20881 1.43206 −7.70636 15.28135

.
Below, we have shown a comparision of our obtained model with the ΛCDM model together with error bars due to
the 57 points of H(z) datasets and the 580 points of Union2.1 compilation datasets.
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(a) (b)
FIG. 18: Figures (a) and (b) are respectively the error bar plots of 57 points of H(z) datasets and 580 points of Union2.1
compilation supernovae datasets together with our obtained model (solid red lines) and ΛCDM model (black dashed lies).
Next, we have shown the likelihood contours for the model parameter α and Hubble constant H0 with errors at
1-σ, 2-σ and 3-σ levels in the α-H0 plane. The best fit constrained values of α and H0 are found to be α = −1.497294
& H0 = 63.490604 due to H(z) datasets only with χ
2
min = 31.333785 and α = −1.503260 & H0 = 63.361612 due to
joint datasets H(z) + SNeIa + BAO with χ2min = 650.312968 respectively.
-1.60 -1.55 -1.50 -1.45 -1.40
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65
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64
65
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(a) (b)
FIG. 19: Figures (a) shows the maximum likelihood contours in the α-H0 plane for H(z) datasets only while figure (b) shows
the maximum likelihood for H(z) + SNeIa + BAO datasets jointly. The three contour regions shaded with dark, light shaded
and ultra lightshaded in both the plots are with errors at 1-σ, 2-σ and 3-σ levels. The black dots represent the best fit values
of model parameter α and H0 in both the plots.
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VIII. RESULTS AND DISCUSSIONS
The manuscript communicates the phenomena of late time acceleration in the framework of hybrid and logarithmic
teleparallel gravity. To obtain the exact solutions of the field equations, we employ a parametrization of deceleration
parameter first proposed in [20]. In this section, we shall discuss the energy conditions and the cosmological viability
of the underlying teleparallel gravity models.
In Section VI, we show the temporal evolution of SEC, NEC and WEC for both the teleparallel gravity models. Note
that in order to suffice the late time acceleration, the SEC has to violate [40]. This is due to the fact that for an
accelerating universe compatible with observations [1], the EoS parameter ω ' −1 [41], and therefore ρ(1 + 3ω) < 0
always. From Fig.16-17, one can clearly observe that SEC violate for both the models whereas NEC and WEC do
not violate. Interestingly, SEC is also violated for curvature coupled and minimally coupled scalar field theories [40].
To understand the cosmological viability of both the teleparallel gravity models, we show in Fig. 1, the deceleration
parameter (q) as a function of redshift. The plot of the deceleration parameter q(z) clearly shows that our model suc-
cessfully generates late time cosmic acceleration along with a decelerated expansion in the past for −1 > α > −2. The
deceleration parameter undergoes a signature flipping at the redshift ztr ' 0.6 for the chi-square value of α = −1.5
which is compatible with latest Planck measurements [41]. Our values of q0 = −0.251355 and ztr are consistent with
values reported by other authors [42]. From Figs. 8 & 12 the values of EoS ω at z = 0 for both our models are obtained
as −0.500903 and −0.500935 respectively. These values of ω behave in concordance with standard cosmological model
predictions (with Plank data, ωLCDMeff ∼ −0.68 at z = 0 as in Ref. [41]).
In Fig. 5,6,9 and 10, we plot the energy density for both the models as a function of redshift. We chose the model
parameters so as to satisfy the WEC. Fulfillment of WEC ensures the cosmological pressure has to be negative to
account for negative EoS parameter and therefore the cosmic acceleration. It is interesting to note that no known
entity has the remarkable property of negative pressure and can only be achieved by exotic matter or by modifications
to general relativity.
The EoS parameter is an important cosmological parameter which has sparked great deal of interest among cosmolo-
gists. Owing to the mysterious nature of the cosmological entity responsible for this acceleration, various dark energy
models have been devised to suffice the observations. To investigate the nature of the dark energy model represented
by the equation (13), we study in Section VI, the {r, s} and {r, q} plane and Om(z). We observe that the value of α
dictates the evolution of the r-s and r-q trajectories. We find the model to deviate significantly from the ΛCDM at
early times. However, at late times the model is observed to coincide with (r = 1, s = 0) and therefore consistent with
ΛCDM cosmology. This result is further re-assured from the r-q plane in Fig. 14. However, discrepancy arises from
Fig. 15, where for none of the values of α we obtain a constant Om which clearly does not reflect a dark energy which
is time independent. Furthermore, the nature of dark energy represented by the equation (13) changes from being an
Quintessence to Phantom as α changes from α ≤ −2 to α > −2 respectively. Finally, we have discussed our obtained
models in the light of some observational datasets. The obtained model has a nice fit to the 57 points of Hubble
datasets and the 580 points of Union2.1 compilation supernovae datasets. We have used the Bayesian statistics to find
the constraints on the model parameters. The maximum likelihood contours for the model parameter α and Hubble
constant H0 with errors at 1-σ, 2-σ and 3-σ levels in the α-H0 plane is shown separately for H(z) datasets only and
joint datasets H(z) + SNeIa + BAO. The best fit constrained values of α and H0 are found to be α = −1.497294
& H0 = 63.490604 due for H(z) datasets with χ
2
min = 31.333785 and α = −1.503260 & H0 = 63.361612 due to H(z)
+ SNeIa + BAO datasets with χ2min = 650.312968 respectively.
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